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Abstract Arecent result for a reaction-diffusion equation is that a populationdiffusing
at any rate in an environment in which resources vary spatially will reach a higher
total equilibrium biomass than the population in an environment in which the same
total resources are distributed homogeneously. This has so far been proven by Lou for
the case in which the reaction term has only one parameter, m(x), varying with spatial
location x , which serves as both the intrinsic growth rate coefficient and carrying
capacity of the population. However, this striking result seems rather limited when
applies to real populations. In order to make the model more relevant for ecologists,
we consider a logistic reaction term,with twoparameters, r(x) for intrinsic growth rate,
and K (x) for carrying capacity. When r(x) and K (x) are proportional, the logistic
equation takes a particularly simple form, and the earlier result still holds. In this
paper we have established the result for the more general case of a positive correlation
between r(x) and K (x)when dispersal rate is small. We review natural and laboratory
systems to which these results are relevant and discuss the implications of the results
to population theory and conservation ecology.
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1 Introduction

Levin (1992) noted that the “effort to explain the distribution of populations in terms
of the movements of individuals is an extension of one of the most successful applica-
tions of mathematics to ecological phenomena, the use of random walk and diffusion
models to describe dispersal”. Although the movements of animals and the seeds of
plants are complex, the diffusion approximation often provides a very good descrip-
tion of such movement and hence has been a central assumption in spatial ecology,
especially in the important area of reaction-diffusion models (Skellam 1951; Okubo
1980; Berg 1983; Hastings 1983; Kareiva 1983; Czaran 1998; Turchin 1998; Cantrell
and Cosner 2003; Malchow et al. 2008; Cosner 2014). Studying diffusion, or more
general forms of dispersal, in heterogeneous environments has been one of the key
approaches to understanding growth and survival of individual populations and coex-
istence of species (Kadmon and Allouche 2007; Tamburello et al. 2013). For example,
dispersal in heterogeneous environments results inmovement between areas of greater
and lesser suitability (e.g., differences in growth rate), with consequences for the popu-
lation that need to be determined (Holt 1993;Mouquet and Loreau 2002, 2003). At the
community level, sufficient dispersal in a heterogeneous environment with associated
niche differences will promote species-sorting along resource gradients and promote
coexistence (Chase and Leibold 2003).

Although real environments are highly heterogeneous in their underlying abiotic
properties, the resource availability for consumers, and other conditions, mathematical
studies of organismdiffusion typically have assumedhomogeneous environments. It is,
therefore, important to extend theory to heterogeneous environments. Some progress is
being made, however, in incorporating heterogeneity into theory and models (Turchin
1998; Cantrell and Cosner 2003; Ovaskainen et al. 2008; Ritchie 2010). Mathematical
studies of reaction-diffusion models have revealed a number of interesting results that
serve to stimulate active research in this area. Here we review some recent mathemati-
cal results and discuss a basic ingredient in extending these to a context that is relevant
to key areas of ecological theory.

Using the classical Lotka-Volterra competition-diffusion system, Dockery et al.
(1998) showed that, in a spatially heterogeneous environment, given two competing
species with different dispersal rates but are otherwise identical, the slower competitor
always wipes out the faster one regardless of their initial values. This is the celebrated
result known as “the slower diffuser always prevails!”

In an attempt to understand this phenomenon, Lou (2006) adopted the weak com-
petition approach and discovered another remarkable result. It has been known for
decades that, for the classical Lotka-Volterra system in a homogeneous environment,
two weakly competing species will always co-exist regardless of their (random) disper-
sal rates or initial values. (See e.g. Hsu 1978.) However, Lou (2006) proved, among
other things, that in a spatially heterogeneous environment, certain weakly competing
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species with appropriate dispersal rates can no longer co-exist, again, regardless of
their initial values! Furthermore, Lou (2006) proposed an interesting conjecture which
would further clarify the dynamics of 2×2 Lotka-Volterra weak competition-diffusion
system when one of the inter-specific competition coefficients is small.

Progress was made first by Lam and Ni (2012), and then, Lou’s conjecture was
finally established by He and Ni (in review). In fact, the result of He and Ni (in review)
goes beyond Lou’s conjecture - it encompasses both the entire dynamics for 2 × 2
Lotka-Volterra weak competition-diffusion system, without the smallness assumption
on the inter-specific coefficients, and the “slower diffuser always prevails”; moreover,
it has proceeded further to investigate more general systems where the two competing
species are allowed to have different intrinsic growth rates and carrying capacities.

It turns out that the starting point of Lou’s approach is a special case of the single
logistic equation

{
ut = d�u + u(m(x) − u) in Ω × R

+,

∂νu = 0 on ∂Ω × R
+,

(1)

where u(x, t) represents the population density of a species at location x ∈ Ω and at
time t > 0, which is therefore assumed to be non-negative;Ω , the habitat, is a bounded
domain in RN with smooth boundary ∂Ω; d is the dispersal rate of u; � = ∑N

i=1
∂2

∂x2i
is the usual Laplace operator, and ∂ν = ν ·∇, where ν denotes the outward unit normal
vector on ∂Ω , is the normal derivative on the boundary. The zero Neumann (no-flux)
boundary condition is to ensure that no individual crosses the boundary of the habitat.
The function m(x) represents both the local carrying capacity and the intrinsic growth
rate of the species u, which reflects the environmental influence on the species.

It is well known that for every d > 0 Eq. (1) has a unique positive steady state
θd , which is globally asymptotically stable (see e.g. Cantrell and Cosner 2003). In
addition, Lou (2006) made the following observation: For every d > 0

∫
Ω

θd >

∫
Ω

m. (2)

In other words, in a heterogeneous environment, when (random) dispersal is allowed,
the total population is always strictly greater than the total carrying capacity!Another
striking observation!

A seemingly natural question arises: Do these results apply to real biological sys-
tems? A problem with applying Eq. (1) to real systems seems to be the hypothesis that
the function m(x) represents both the local carrying capacity and the intrinsic growth
rate of the species u, which reflects the environmental influence on the species. How-
ever, in real ecological environments, the intrinsic growth rate and carrying capacity
are not the same in general. In fact, it is fundamental in the ecology of population
life histories that intrinsic growth rate, r(x), and carrying capacity, K (x), are distinct
parameters related to a species population. In classical r - and K -theory, the r -endpoint
of the r -, K -spectrum represents the quantitative extreme situation that the optimal
strategy is to maximize energy input into early reproduction and to produce as many
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progeny as possible. The K -endpoint represents the qualitative extreme that compe-
tition is keen and the optimal strategy is to maximize energy into maintenance, at the
cost of a lower maximum intrinsic growth rate (e.g., fewer offspring) (Pianka 1970;
Luckinbill 1978; Parry 1981; Boyce 1984). This suggests that it is important to treat r
and K differently. Certainly intrinsic growth rate and carrying capacity are not iden-
tical in general, as Eq. (1) states. But this does not mean that for a given species r(x)

and K (x) may not be correlated in some fashion across an environmental gradient;
in fact, it will be assumed here that some degree of correlation can exist (see Sect. 3
below for more discussion on this issue). Note that in this paper we consider intrinsic
growth r(x) to be not the maximum rate of increase that a population can grow in
ideal conditions, but the maximum growth rate under conditions at the spatial location
x . Thus, we shall consider the following equation where r and K are used separately
(instead of m alone) and determine how this modifies the result (2) which holds for
Eq. (1):

{
ut = d�u + r(x)u

(
1 − u

K (x)

)
in Ω × R

+,

∂νu = 0 on ∂Ω × R
+.

(3)

We note that when r(x) is proportional to K (x), i.e. r(x) = cK (x), for some
constant c > 0, (3) reduces to (1) by rescaling the time variable. In fact, (3) is generally
referred to as the logistic equation.

For the general logistic Eq. (3) it can be shown, as we shall see below in Sect. 2, that
(3) has a unique positive steady state, denoted by ud , which is globally asymptotically
stable. However, the corresponding property (2), namely,

∫
Ω

ud >

∫
Ω

K , (4)

no longer holds without additional correlation between r and K . Thus, all the inter-
esting phenomena mentioned above for the corresponding two species Lotka-Volterra
competition-diffusion systems with general r and K are now in doubt.

The purpose of this paper is to investigate the properties of the positive steady state
ud of (3); namely, the solution of the following equation

{
d�u + r(x)u

(
1 − u

K (x)

)
= 0, in Ω,

∂νu = 0 on ∂Ω.
(5)

After establishing the existence, uniqueness, and asymptotic stability of the steady
state ud , we are interested in understanding the various properties of ud , in term of the
intrinsic growth rate r(x) and the carrying capacity K (x); in particular, if and when (4)
holds - a property which is of vital importance for competition between two species.

It seems reasonable to assume that the intrinsic growth rate r(x) should have some
relationship to the carrying capacity K (x) (which reflects the resources available at
location x ∈ Ω); that is, if K (x1) = K (x2), then r(x1) = r(x2) (see Sect. 3). In other
words, r is a function of K , i.e.
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r(x) = h(K (x)), x ∈ Ω (6)

for some function h. We say that r and K are positively (negatively, resp.) correlated
if h is monotonically increasing (decreasing, resp.).

Our first main result is as follows.

Theorem 11 Assume that both 0 < r(x) �≡ const. and 0 < K (x) �≡ const. on Ω̄ , and
both r(x), K (x) ∈ C2(Ω̄). Then the following statements hold for the positive steady
state ud of (3):

1. As d → 0, ud → K in L∞ ∩ H1.
2. Suppose that r and K are positively (negatively, resp.) correlated. Then the total

population is always strictly increasing (decreasing, resp.) for d > 0 small. In
fact,

(∫
Ω

ud

)′∣∣∣∣
d=0

= −
∫

Ω

∇K · ∇
(
1

r

)
> 0 (< 0, resp.).

Theorem 11 shows that for positively correlated r and K , (4) always holds for d > 0
small.

It seems interesting to point out that to obtain the convergence ud → K in H1 as
d → 0 in Theorem (11) above, we need first to show that the rate of convergence of
ud → K in L∞ as d → 0 is bounded above by Cd for some constant C , which seems
new and interesting of its own.

For d → ∞, we have the following result.

Theorem 12 Assume that both 0 < r(x) �≡ const. and 0 < K (x) �≡ const. on Ω̄ .
Then the following statements hold for the positive steady state ud of (3):

1. As d → ∞, ud tends to a constant; more precisely,

ud → L ≡
∫
Ω

r(x)∫
Ω

r(x)
K (x)

.

2. If h(s)/s is (strictly) decreasing in s > 0, then

L(<) ≤ K̄ ≡
(

1

|Ω|
) ∫

Ω

K (x).

3. If h(s)/s is (strictly) increasing in s > 0, then L(>) ≥ K̄ .

Observe that L = K̄ when r ≡ cK for some positive constant c.
From the two results above we see that even when r and K are positively correlated,

inequality (4) is guaranteed to hold only for d small, but will not always hold for d
large. Whether (4) holds for all d > 0 under the additional hypothesis that h(s)/s in
increasing for all s > 0 remains open.

The proofs of all our results are included in Sect. 2. Section 3 contains further
remarks and discussions.
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2 Proofs

In this section, we include the proofs of all the results wementioned in the Introduction
concerning (5).

First of all, for simplicitywewill always assume in this section that both the intrinsic
growth rate r(x) and the carrying capacity K (x) are smooth and positive everywhere
throughout the entire domain (the habitat) Ω̄ . More precisely, we assume throughout
this section that both 0 < r(x), 0 < K (x) ∈ C1(Ω̄), and r(x), K (x) �≡ constant .

Discussions on relaxing this assumption, bothmathematically and biologically, will
be included in Sect. 3.

Sometimes it is convenient to write (5) as

{
d�u + ξ(x)u(K (x) − u) = 0, in Ω,

∂νu = 0 on ∂Ω,
(7)

where

ξ(x) ≡ r(x)

K (x)
> 0

on Ω̄ .
Now we begin to establish the first basic result—the existence, uniqueness and

asymptotic stability of the positive steady state for (5).

Proposition 21 For every d > 0, (7), and therefore (5), has a unique positive solution
ud , which is globally asymptotically stable.

Proof Theproof is standard, and is basedon thewell knownupper- and lower-solutions
method, thus we shall be brief. Setting

u ≡ maxΩ K (x), u ≡ minΩ K (x),

we see easily that u is an upper solution for (7), u is a lower solution for (7), and u > u
on Ω . Thus, (7) has a solution u > ud > u.

The uniqueness of ud also follows from standard arguments, hence is omitted here.
The global asymptotic stability of ud follows from the uniqueness and the fact that
any constant larger than u defined above is an upper solution and any constant smaller
than u is a lower solution. �
Next we proceed to show that ud → K as d → 0 in L∞ ∩ H1. To this end, we need
first that ud → K as d → 0 in L∞ with a rate linear in d.

Proposition 22 For d > 0 small, ‖ud − K‖L∞ ≤ C∗d where C∗ = 2‖�K‖L∞
(minΩr(x))

.

Proof The idea is to get a sequence of appropriate upper and lower solutions in terms
of d. For each d > 0, letting u = K + C∗d, we compute
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d�u + ξ(x)u(K − u) = d [�K − C∗r(1 + C∗d/K )]

≤ d [�K − C∗r ] ≤ d
[
�K − 2‖�K‖L∞

] ≤ 0;

i.e. u is an upper solution.
Setting u = K − C∗d, we see that for d > 0 small, u > 0. Then we compute, for

d > 0 small

d�u + ξ(x)u(K − u) = d
[
�K + C∗r − C2∗(rd/K )

]
= d

[
�K + 1

2
C∗r + C∗r

(
1

2
− C∗

d

K

)]

≥ d

[
�K + 1

2
C∗r

]
≥ 0;

i.e. u is a lower solution. Clearly, u > u. Therefore, u > ud > u, and our proof is
complete. �

Our next estimate is crucial.

Proposition 23 ‖ud − K‖H1 → 0 as d → 0.

Proof Setting v = ud − K , we have

d�v + d�K + ξud(−v) = 0.

Multiplying this equation by v/d and integrating over Ω , we obtain

∫
Ω

|∇v|2 =
∫

Ω

v(�K ) −
∫

Ω

vξud

(v

d

)
≤

∫
Ω

v‖�K‖L∞ ,

which tends to 0 as d → 0 by Proposition 22. This concludes the proof. �
For our purposes the following result is useful.

Proposition 24
∫
Ω

∣∣∇ud · ∇( 1
ξud

) − ∇K · ∇( 1
r

)∣∣ → 0 as d → 0.

Proof

∫
Ω

∣∣∣∣∇ud · ∇
(

1

ξud

)
− ∇K · ∇

(
1

r

)∣∣∣∣
≤

∫
Ω

∣∣∣∣∇(ud − K ) · ∇
(

1

ξud

)∣∣∣∣ +
∫

Ω

∣∣∣∣∇K · ∇
(

1

ξud
− 1

r

)∣∣∣∣
≤

(∫
Ω

|∇(ud −K )|2
)1/2

(∫
Ω

∣∣∣∣∇
(

1

ξud

)∣∣∣∣
2
)1/2

+‖∇K‖L∞

∫
Ω

∣∣∣∣∇
(

1

ξud
− 1

r

)∣∣∣∣
≡ I + I I
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The first term in I tends to 0 by Proposition 23. The second term in I

∇
(

1

ξud

)
= ξ∇ud + ud∇ξ

(ξud)2

is bounded in L2, again by Proposition 23. Thus I → 0 as d → 0.
For I I we proceed as follows.

∫
Ω

∣∣∣∣∇
(

1

ξud
− 1

r

)∣∣∣∣ ≤
∫

Ω

1

(ξud)2
|∇(ξud) − ∇r | +

∫
Ω

|∇r |
∣∣∣∣ 1

(ξud)2
− 1

r2

∣∣∣∣
≡ I I I + I V

The term I I I → 0 since∫
Ω

|∇(ξud) − ∇r | =
∫

Ω

∣∣∣∇ [ r

K
(ud − K )

]∣∣∣
which tends to 0 by Proposition 23; and the term I V → 0 as

1

(ξud)2
− 1

r2
= 1

(rξud)2
(r + ξud)(r − ξud) = K 2

(rud)2
(K + ud)(K − ud)

which tends to 0 in L2 again by Proposition 23. This finishes our proof. �
Dividing the equation in (7) by ξud , integrating over Ω , by Proposition 24 and the

Divergence Theorem, we obtain the following useful formula.

Proposition 25 For d > 0 small, it holds that

∫
Ω

ud =
∫

Ω

K − d

[∫
Ω

∇K · ∇
(
1

r

)
+ o(1)

]
. (8)

Now we are ready for the proof of Theorem 11. Part 1 already follows from Propo-
sitions 22 and 23. Since

∫
Ω

ud → ∫
Ω

K as d → 0, Part 2 follows directly from
Proposition 25 since, by (6)

∇K · ∇
(
1

r

)
= −h′ |∇K |2

r2
.

Our next goal is to determine the asymptotic behavior of ud as d → ∞, and to
prove Theorem 12. Dividing the equation in (5) by d, we have

�u + 1

d
r(x)u

(
1 − u

K (x)

)
= 0, in Ω. (9)

Integrating the Eq. (9) overΩ , by the boundary condition ∂νu = 0,we see immediately
that
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∫
Ω

r(x)u

(
1 − u

K (x)

)
= 0. (10)

Now, recall that ud is bounded in L∞, standard elliptic regularity estimates for (9)
guarantee that, for d large, {ud |d � 1} is a bounded subset in C2,α(Ω). By passing
to a subsequence if necessary, udk converges in C2(Ω), as k → ∞, to u∞. From
Eq. (9), we see that

�u∞ = 0,

with ∂νu∞ = 0 on ∂Ω. This implies that u∞ ≡ L , where L ≥ 0 is a constant.
Suppose that L = 0. Then udk → 0 uniformly on Ω . It follows that, for k large,

1 − udk /K > 0 on Ω . Since udk > 0 on Ω also, we then have

∫
Ω

r(x)udk

(
1 − udk

K (x)

)
> 0

for all k large, which contradicts (10). Therefore, the constant L > 0.
As udk also satisfies (10), letting k → ∞, we obtain

0 =
∫

Ω

r(x)L

(
1 − L

K (x)

)
= L

∫
Ω

r(x)

(
1 − L

K (x)

)
.

From L > 0, we conclude that

L =
∫
Ω

r(x)∫
Ω

r(x)
K (x)

.

Since this works for every sequence d → ∞, Part 1 of Theorem 12 is established.
The proofs of Parts 2 and 3 of Theorem 12 are similar, we therefore will only prove

Part 2 here.
Our strategy for proving Part 2 is to approximate the integrals involved by their

Riemann sums, and then establish the corresponding inequality for their Riemann
sums. The core of the proof is the following simple inequality.

Lemma 26 Suppose there are two sequences of nonnegative real numbers such that
a1 ≥ a2 ≥ · · · ≥ an ≥ 0 and 0 ≤ b1 ≤ b2 ≤ · · · ≤ bn . Then

n(a1b1 + a2b2 + · · · + anbn) ≤ (a1 + a2 + · · · + an)(b1 + b2 + · · · + bn).

Proof We use induction. When n = 1, this is obvious. Now assume that the above
inequality holds when n = k, we need to show that it holds for n = k + 1.

To this end, we first observe that

a1b1 + · · · + akbk + kak+1bk+1 ≤ ak+1(b1 + · · · + bk) + (a1 + · · · + ak)bk+1
(11)

since
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ak+1
[
(bk+1 − b1) + · · · + (bk+1 − bk)

] ≤ a1(bk+1 − b1) + · · · + ak(bk+1 − bk).

Now we proceed as follows. By induction hypothesis and (11)

(a1b1 + · · · + akbk + ak+1bk+1)(k + 1)

= (a1b1 + · · · + akbk)k + (a1b1 + · · · + akbk) + ak+1bk+1(k + 1)

≤ (a1 + · · · + ak)(b1 + · · · + bk) + ak+1(b1 + · · · + bk) + (a1 + · · · + ak)

× bk+1 + ak+1bk+1

= (a1 + · · · + ak + ak+1)(b1 + · · · + bk + bk+1).

This finishes the proof. �
We now turn to the proof of Part 2 in Theorem 12. Approximate the integrals by

their Riemann sums and set

ai = h(K (xi ))

K (xi )
, bi = K (xi ), i = 1, 2, . . . , n.

Since we can rearrange the terms in the Riemann sums in the order that bi is ascending
(then ai is automatically descending by our assumption on h), we see that

1

n

n∑
i=1

h(K (xi ))

K (xi )
K (xi ) ≤

(
1

n

n∑
i=1

h(K (xi ))

K (xi )

) (
1

n

n∑
i=1

K (xi )

)

by Lemma 26. The strict inequality in Part 2 of Theorem 12 follows from a careful
examining of the proof above (in particular, the proof of Lemma 26). Our proof of
Theorem 12 is now complete.

3 Discussions and concluding remarks

Mathematically, formula (8) is interesting especially when compared to a previous
result obtained by Lou, namely, Theorem 1.5 in Lou (2006), which deals with the
special case when the dimension N = 1, r ≡ cK for some constant c > 0, but
K changes sign. In this case, Lou showed that if K has only nondegenerate zeros,
then, as d → 0, the unique positive steady state θd , if exists, has the property that
θd → K+ = max{K , 0} and

∫
Ω

θd −
∫

Ω

K+ ≥ Cd2/3 (12)

for d small, which is much larger than the exact estimate given by (8). (Lou also has
a conjecture on the upper bound.) In any case, it seems interesting to note that the
estimates (8) and (12) exhibit different nature of the two cases: K > 0 and K changes
sign even in the simplest case r ≡ cK .

123



Dispersal and spatial heterogeneity... 249

Mathematically, it is possible to relax our assumptions on the positivity of r and
K , with similar proofs. However, to make our presentation as simple as possible, we
have not included this slightly more general case.

Biologically, it seems that K should not be negative anywhere - as K represents the
carrying capacity of the environment. However, it seems that K could be 0 somewhere,
either at a point or in a region. Moreover, it seems that the intrinsic growth rate
r should always be nonpositive wherever K is nonpositive. Likewise, r should be
positive wherever K is positive, if K is to represent all the information we have from
the environment for the species u.

Our use of the logistic density-dependent population growth term, in the form shown
in Eq. (3),

ru
(
1 − u

K

)
, (13)

to study the effects of dispersal and spatial heterogeneity on total population size,
raises some issues that will be discussed here. Our motivation is that the logistic equa-
tion is ubiquitous in ecological models, where it is used both in modeling individual
populations and in modeling basal populations within food webs. Note that the reac-
tion term in Eq. (1) from Lou (2006) can be rewritten in the same structural form as
(13)

u(m(x) − u) = m(x)u

(
1 − u

m(x)

)
. (14)

We took the logical first step in generalizing Eq. (1) by allowing the intrinsic growth
rate and carrying capacity to have potentially different forms; that is, we modify (14)
to

r(x)u

(
1 − u

K (x)

)
. (15)

Whereas in (14) the maximum growth rate and the carrying capacity are the same
function, in (15) r(x) and K (x)may differ. In fact, it is basic to ecological populations
that the relationship between the intrinsic growth rate and the carrying capacity can be
distinct, rather than being identical functional forms, as they are in Eq. (1). Function
(15) is a step towards greater potential realism in describing population growth as
a logistic equation. However, it should be noted that the logistic equation itself has
inspired controversy, as it represents K (x) as “carrying capacity”, or the maximum
population size (whether in terms of number or biomass) that can be maintained
in a habitat. Carrying capacity may seem to be a simple concept, but in fact it has
been interpreted in many different ways (McLeod 1997 and references therein); in
particular, regarding what environmental factors should be included in determining
the carrying capacity; e.g., available food, spatial area, or other factors. Therefore, its
representation as a fixed characteristic of a population is too restrictive an assumption.
A number of authors on the logistic model recommend a more general form of the
logistic equation

ut = ru − αu2, (16)
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where α > 0 and r can be positive or negative (e.g., see Mallet 2012). The advantage
of this form is that carrying capacity is not prescribed in terms of a single parameter as
in function (15), but the population size emerges from the density-independent term,
ru, and the density-dependent term, αu2. For example, if both population birth and
mortality rates, B and M , have density-independent and density-dependent parts; i.e.,
B = B0 − B1u and M = M0 + M1u, then r = B0 − M0 and α = B1 + M1. No
relationship between r and α is implied in this case. However, when the form of the
logistic (13) is used, then r = B0−M0 and K = (B0−M0)/(B1+M1). This implies a
possible relationship if a change in resource levels changes not only B1 and/or M1, but
also B0 and M0. Therefore, empirical data on the effect of resource levels on density-
dependent birth and mortality rates are of great interest as indicators of correlations
of r and K . It is also important that in (13) r can take on negative values without it
being necessary to simultaneously change the sign of α for the model to make sense.

Our present analysis is restricted to the logistic expressed in the form (15) and we
have shown that it implies that r(x) and K (x)must be positively correlated to guarantee
the results of Lou (2006) to hold; that is, for total population size to exceed total
carrying capacity in a heterogeneous system with diffusion. Although it has generally
been assumed by ecologists that r and K are independent parameters, evidence for a
positive correlation along resource gradients in some populations has been reviewed by
Mallet (2012). We speculate, then, that the functional relationship, r(x) = h(K (x)),
may apply in many situations, so Theorem 1.2 generalizes the basic result of Lou
(2006) in an important way. For example, available resources may vary with x , and
with it carrying capacity, whereas the intrinsic growth rate of the population may stay
the same or change only slightly with changes over the same range of x . At the other
extreme, the quality of resources, or other factors such as temperature, may vary with
x in such a way that the intrinsic growth rate varies strongly with x , but the quantity
of resources may stay relatively constant, such that the carrying capacity changes
little with x . Therefore, further extension of the results concerning the effects of the
relationship between r(x) and K (x) should be sought in the future.

The new results for Eq. (3) can have some implications for important concepts of
spatial ecology. A key area of spatial ecology is that of source-sink theory, which
deals with the occurrence of sources and sinks on landscapes. Sources are areas in
which surplus population is created (reproduction and growth exceed losses) and
sinks are areas in which losses exceed births and growth. Populations in better quality
patches are more productive and should produce more emigrants to lower quality
patches (Donahue et al. 2003). This concept has implications for conservation ecology,
because it is possible that individuals may diffuse from high quality areas to sink areas,
in which they die or fail to reproduce, threatening the population (Pulliam 1988).
Pulliam’s influential paper has been followed by many others, expanding on the idea
(Amarasekare 2004; Amezcua and Holyoak 2000; Dias 1996; Holt 1997; Howe et al.
1991; Loreau and DeAngelis 1997; Watkinson and Sutherland 1995; Wilson 2001;
Ritchie 1997). Equation (3) and the analysis here cannot easily be applied to sinks,
as a sink area would be one in which r(x) becomes negative, while the results here
apply to K (x), r(x) ≥ 0. But the simple source and sink idea has been replaced by a
more complex picture in which pseudo-sinks are included (Watkinson and Sutherland
1995). Pseudo-sinks are areas into which net population influxes from other areas may
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be observed at times. However, these areas are actually self-sustaining (i.e., r(x) > 0)
and the net influx occurs only because there are more productive sources nearby from
which individualsmigrate. The pseudo-sink concept is highly relevant to conservation,
because both fundamental population ecology issues and population management
issues often involve questions over what strategy of occupation of space is best for a
population. A basic question is whether it is best for a population to be restricted to a
relatively small region in which r(x) is large, although the total range is limited, or for
the population to occupy a much larger range, which may also include areas of small
r(x). In the latter case, the diffusion from the higher- into the lower-r(x) parts of the
range could more than offset the advantage of larger total area.

Amodeling study that attempted to answer this question was carried out by Pulliam
and Danielson (1991). They simulated a bird population on a model landscape in
which poor-quality habitat, corresponding to poor reproductive success such that r
was small or negative, could be added to a constant amount of high-quality habitat,
which had a high r that produced surplus population. The authors also assumed that
the larger the ratio of poor-quality to high quality habitat, the more likely it was that
individuals would choose the poorer quality habitat. This amounted to an “effective
diffusion” away from the high- to the poor-quality habitat. Therefore, they expected
that an increase in poor-quality habitat might reduce the total population size, because
of higher migration from high-quality habitat. However, the trend of total population
biomass was not monotonically decreasing with lower ratio of high-quality to low-
quality habitat. In fact, there was a peak for an intermediate ratio (their Figure 7B).
Therefore, despite the increased diffusion away from high-quality habitat as poor-
quality habitat was added, the high-quality habitat produced enough of a surplus in
reproduction that the population could expand into and occupy poor-quality habitat
fast enough to overcompensate for poor reproductive success there.

Experimental tests of the application of mathematical results for populations in
heterogeneous environments have rarely been tested. However, Zhang et al. (2015) set
out to experimentally test the mathematical result of Lou (2006) of how a single plant
population responds to spatial heterogeneity, as it disperses, i.e. diffuses. They planted
duckweed (Lemna minor Linn) in situations where the limiting resources (nutrients)
were distributed heterogeneously in different concentrations in five containers used to
represent patches. They manually controlled rates of diffusion; that is, the percentage
of duckweed transferred from each water container to adjacent ones. Based on this
experimental design, a simulation model was developed to determine the range of
results expected from the laboratory experiment. They found, in agreement with the
mathematical theory (Lou 2006), that steady state total biomass was maximized at
an intermediate rate of diffusion and that the total biomass exceeded that reached in
the heterogeneous system without diffusion; that is, exceeded total carrying capacity.
In the computer model that was used to simulate the experiment, the authors found
that the best fit to the model was achieved when r(x) and K (x) were approximately
linearly related, i.e. r(x) ≡ cK (x). This seems to apply here because nutrient concen-
trations in the equal-sized containers probably act equally on growth rate and carrying
capacity.

Testing the applicability of the mathematical theory in the field would be more
difficult, as dynamics of a population in nature are affected by a large number of
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factors that are difficult to control. This is especially true for animal populations, the
individuals of which are unlikely to move by diffusion (i.e., randomly). Nevertheless,
dispersal of populations of both plants and animals over long time scales can often
be represented as diffusive, and, in that case, it may be possible to observe steady
state patterns of biomass density on landscapes as influenced by the interactions of
heterogeneity and diffusion.

A case in point is an experiment described by Keddy (1981, 1982) and Watkinson
(1985). The authors manipulated densities of seeds of the plant Cakile edentula along
a sand dune gradient. The seaward or beach end of the gradient was a source, while
the middle and landward sites were shown to be net sinks where mortality was higher
than reproduction. A model by Watkinson (1985) describing this experiment showed
that the plants were most abundant in the sink sites because of the high seed migration
from the source. This high quantity of plants in the poor habitat appears to signify that
it is a case where diffusion in a heterogeneous environment creates an overall biomass
that exceeds that which would be achieved in a homogeneous environment.

Such experiments are rare and are prone to much uncertainty. To test the results pre-
sented above greater efforts are needed in designing both field studies and laboratory
experiments. Experimental systems using microbial organisms can be tightly con-
trolled and carried out with many variations in treatments and replications (e.g., Van
Dyken et al. 2013), and so show great promise in that direction. In that approach one
can manipulate yeast strains to disperse with many different dispersal rates in various
heterogeneous environments, which will improve and double-check what Zhang et al.
(2015) found in their duckweed experiments. Also, in the future, such an approach
could simulate the competition of yeast strains with different dispersal rates in a het-
erogeneous system, which has not been done in laboratory experiment so far, to further
extend testing of mathematical theory.
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